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The Derivation of a Set of Scattering Factors from X-ray or Neutron-Diffraction 
Structure-Factor Measurements 
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Scattering factors for the atoms in a structure may be evaluated as functions of the scattering vector s 
when a complete set of two- or three-dimensional structure factor measurements is available. 

Introduction 

Recently (e.g. Dawson, 1967a, b) there has been inter- 
est in the variation of the atomic scattering factor with 
the orientation of the scattering vector. A method for 
the determination of a set of spherically averaged form 
factorsjS(Isl) from a zone of structure factors has been 
described by Brown & Wilkinson (1965). The purpose 
of the present note is to show that a similar calculation 
may be used to determine from a zone or sphere of 
observed structure factors of known phase the scatter- 

the integration being over the whole 'volume' of the 
atom. Thus 

j~(s) = l (1/V)Z" {r ' (k)  exp (2nir#.k) exp (2nirj . s)}drj 
d k 

= ( l / V )  2" F'(k) I exp [2nir s . (s+k)]drs,  
k d 

where F'(k) has been written for F(k) exp (2~ziQj. k). 
Let ~ be the angle between (s + k) and r. Then S os 

J~(s) = ( l / V )  F'(k) exp (2nirjIs+ kl cos e)2nr z sin ~dedr 
rj=O ==0 

_ 1 r f Ft(k){ sin (2zrR0ls + kl)-2~rR0/s + klcos (2~zR0ls + kl)~ 
27~zv k [  Is+kl 3 J '  

ing factors j~(s) as functions of the scattering vector 
s(=d*). 

Method of calculation 

The electron-density distribution which is obtained by 
Fourier inversion of a three-dimensional set of struc- 
ture factors is given by 

where R0 is the atomic 'radius'. 
A similar expression can be derived for the extrac- 

tion of a scattering factor from a zone of reflexions. 
If s is any scattering vector in the zone then 

J~(s) = Ro/A Z,l.F'(k)Jl(27~ls + r  klR0) l 
I ~  J" k l  

Q(rj)=(1/V) Z F(k) exp (2rcirj. k) exp (2zciQj. k) 
k 

where ry is the radius vector from the centre of the j th  
atom which is vector distance Qj from the origin of 
the structure factors F(k), V is the unit-cell volume 
and k is the scattering vector. 

The scattering factor for this atom is defined to be 

j~(s) = I 0(ry) exp (2~zirj. s)dzj, 

Jx is the first order Bessel function and A the area of 
the unit cell in projection. 

Numerical calculation of form factors 

The calculations have been programmed for the 
TITAN computer and have been tested with 'prepared' 
data generated for an imaginary structure having Mn 3+ 
ions with one 3d electron placed on a primitive cubic 
lattice of cell side 3 A. The single 3d electron was given 

A C 24A - 2* 
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eg orbital symmetry and defined to scatter in the way 
calculated by Watson & Freeman (1961). 

Two-dimensional data 
The formula for the two-dimensional summation 

was checked by using structure factors for the [001] 
zone of rettexions and evaluating f(s) at values of s 
for which the structure factors had been generated. 
The atomic radius was defined to be 1.5 A and the 
data were terminated at Is[ = 1.49 A -x. Fig. 1 shows a 
plot of the resultant form factor and the data from 
which it was generated. The form factor was obtained 
by normalization of the computed scattering factors 
by f(0), which in this case was 0.986. The smooth curve 
is the spherically symmetric Mn 3+ form factor. The 
goodness of fit may be expressed in the form of a 
reliability index defined to be 

Z' IAnput-foutpud 
R =  k 

x IAnputl 
k 

For the Mn 3+ data the value of R was 0.014. 

Three-dimensional data 
A similar test was carried out on the three-dimen- 

sional data out to a limit of Isl = 1.49 A -x again de- 
fining the atomic radius to be 1.5 A. The scattering 
factors were extracted at values of s for which the 
structure factors had been calculated. A value of R = 
0.047 was obtained. 

Discussion 
The principal limitations of the method are likely to 
arise from overlap of the electron density in projection 
and the difficulty of defining a 'radius' for an atom. 
These effects and also those due to series termination 
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Fig. 1. Input (black dots) and output (squares) Mn3+eo form- 

factor data for two-dimensional summation. 

are discussed in the earlier paper (Brown & Wilkinson, 
1965). 
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The theoretical and experimental principles of a method are described, which permits an approximate 
evaluation of the absorption correction by intensity measurements with the aid of a four-circle dif- 
fractometer. 

The normal calculation of the absorption correction 
requires an exact knowledge of the crystal shape. With 
protein crystals, which are normally covered by liquid, 

the determination of the shape is extremely difficult, 
if not impossible. For this reason, an experimental 
method for absorption correction was developed by 


